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5.2.1 Joint Probability Density Function (PDF) 

Here, we will define jointly continuous random variables. Basically, two random variables are jointly continuous if they have a joint 
probability density function as defined below. 


Definition 5.1 

Two random variables X and Y are jointly continuous if there exists a nonnegative function f^y\ R 2 —> R, such that, for 
any set ^ 6 R 2 , we have 

y) E A ) = // /xy( x ’ y) dxd y ( 5 - 15 ) 

A 

The function/^*, y) is called the joint probability density function (PDF) of X and Y. 


In the above definition, the domain of fxy(x,y) is the entire R 2 . We may define the range of (X, Y) as 

Rxy = {( x >y)\fx,fay) > °}- 

The above double integral (Equation 5.15) exists for all sets A of practical interest. If we choose A = R 2 , then the probability of (X, Y) E A 
must be one, so we must have 


r oo roo 

J — ooj -JxA x >y) dx dy = i 


The intuition behind the joint density y) is similar to that of the PDF of a single random variable. In particular, remember that for a 
random variable X and small positive S, we have 


P(x <X<x + S) ~fx(x)d. 


Similarly, for small positive S x and S y , we can write 


P(x <X<x + S x ,y<Y<y + S } ) ~ f xy (x,y)d x d y . 


Example 5.15 

Let X and Fbe two jointly continuous random variables with joint PDF 

2 

{ x + cy 

0 

a. Find the constant c. 

1 1 

b. Find P(0 <X< -,0 < Y< ^). 

• Solution 

o a. To find c, we use 

/•oo roo 

J _Jx^x,y)dxdy = 1. 

Thus, we have 


0 <x < 1,0 <y < 1 
otherwise 
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/•oo poo 

1 = J -ooj Jxy( x >y) dxd y 

= |X V + ^ 2 dxdy 

= lo[_2 x2 + cy2x ]x='° dy 


r 11 2 

= J 09 +c - v dy 


n 

-1 1 


[r v+ a 11; ]•• ° 

1 1 

— + — c. 

2 3 


Therefore, we obtain c = ^. 

1 1 

b. To find /*(() < X< j,0 < Y < rj.we can write 


Thus, 


P((X, Y) E A ) = ff Jxy(x, y)dxdy, for A = {(x,y) | 0 < x, y < 1}. 


P(0<X<-,0<Y<-)- 


x + -y l \dxdy 


- jd \^x 2 + ~y 2 xjedy 

■jj( vVY 


3 

32’ 


We can find marginal PDFs ofX and Y from their joint PDF. This is exactly analogous to what we saw in the discrete case. In particular, by 
integrating over ally’s, we obtain f^yc). We have 


Marginal PDFs 

j*CO 

M x ) = J - 0 fxy( x > y) d y> for allx ’ 

/•co 

/y0’) = J - y ) dx > for a11 y- 


Example 5.16 

In Example 5.15 find the marginal PDFs/^(x) and fyiy). 
• Solution 

o For 0 < x < 1, we have 
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Thus, 


Similarly, for 0 < y < 1, we have 


Thus, 


r oo 

/*(*) = J _J x ^x,y)dy 



fjfa ) 



0 


0 < x < 1 

otherwise 


/•oo 

/yOO = J -Jxfc.yybc 

= Ji(- Y + 2- y2 ) rfx 


r 1 2, 3 2 it 

= [ 2 * + 2 VX J° 


3 1 

— — V + — . 
2 2 


/iOO = 


3 2 1 


+ ? 0 < y < 1 


otherwise 


Example 5.17 

Let X and Y be two jointly continuous random variables with joint PDF 


{ cx 2 y 0 < y < x < 1 

0 otherwise 


a. Find R^y and show it in the x — y plane. 

b. Find the constant c. 

c. Find marginal PDFs,/^*) and fy(y). 

X 

d. Find P(Y < 5 ). 

X X 

e. Find P(Y < 4 \ Y< 5 ). 

• Solution 

o a. From the joint PDF, we find that 

r xy = {(*>T) 6 R 2 |0<y<x< 1}. 
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Figure 5.6 shows R%y in the x —y plane. 




Figure 5.6: Figure shows R%y as well as integration region for finding P(Y < ^)- 

b. To find the constant c, we can write 

foo r oo 

1 = J _ K J _J XY (x,y)dxdy 

= JoJo cx2 y d >' dx 

= \lyx A dx 

C 

= To‘ 

Thus, c = 10. 

c. To find the marginal PDFs, first note that R x = Ry= [0, 1]. For 0 < x < 1, we can write 


Thus, 


For 0 < y < 1, we can write 


/•co 

fxi x ) = J -jxfciyyty 

r.x o 
= I q 10 x ydy 

= 5x 4 . 


m = 


5x 4 0 < x < 1 


0 otherwise 


/yO) = 

= J* 10 x 2 ydx 

10 


3 


v(l -/). 


Thus, 
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TXl-r) 0 <y < 1 


otherwise 


d. To find P(Y < ~),we need to integrate fxy{x,y) over region^ shown in Figure 5.6. In particular, we have 


X X 

e. To find P(Y < - \ Y < -),we have 


F ( 7 - 2 ) = l-oo lSfxy(x,y)<fy<ix 


= JoJ(510 x 2 y dydx 

= \l\ xAdx 


(XX 
P\Y<-\Y<- 
1 4 1 2 


(XX 

P\Y< I ,r< y 


4p(t < 


<— previous 
next —> 


4j qJ u 1 Ox y dydx 
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